
 
 

 
 

 
 

 
 

 

 
 

 

 
 

 
 

 

 
 

3. Determinants

3.1 Basic Techniques and Properties

Outcomes

A. Evaluate the determinant of a square matrix using either Laplace Expansion or row operations.

B. Demonstrate the effects that row operations have on determinants.

C. Verify the following:

(a) The determinant of a product of matrices is the product of the determinants.

(b) The determinant of a matrix is equal to the determinant of its transpose.

3.1.1. Cofactors and 2×2 Determinants

Let A be an n×n matrix. That is, let A be a square matrix. The determinant of A, denoted by det(A) is a
very important number which we will explore throughout this section.

If A is a 2×2 matrix, the determinant is given by the following formula.

Definition 3.1: Determinant of a Two By Two Matrix

Let A =

[
a b

c d

]
. Then

det(A) = ad − cb

The determinant is also often denoted by enclosing the matrix with two vertical lines. Thus

det

[
a b

c d

]
=

∣∣∣∣
a b

c d

∣∣∣∣= ad−bc

The following is an example of finding the determinant of a 2×2 matrix.
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Example 3.2: A Two by Two Determinant

Find det(A) for the matrix A =

[
2 4

−1 6

]
.

Solution. From Definition 3.1,

det(A) = (2)(6)− (−1)(4) = 12+4 = 16

♠

The 2×2 determinant can be used to find the determinant of larger matrices. We will now explore how

to find the determinant of a 3×3 matrix, using several tools including the 2×2 determinant.

We begin with the following definition.

Definition 3.3: The i jth Minor of a Matrix

Let A be a 3×3 matrix. The i jth minor of A, denoted as minor (A)i j , is the determinant of the 2×2

matrix which results from deleting the ith row and the jth column of A.
In general, if A is an n×n matrix, then the i jth minor of A is the determinant of the n−1×n−1

matrix which results from deleting the ith row and the jth column of A.

Hence, there is a minor associated with each entry of A. Consider the following example which

demonstrates this definition.

Example 3.4: Finding Minors of a Matrix

Let

A =

⎡

⎣
1 2 3

4 3 2
3 2 1

⎤

⎦

Find minor (A)12 and minor (A)23.

Solution. First we will find minor (A)12. By Definition 3.3, this is the determinant of the 2× 2 matrix
which results when you delete the first row and the second column. This minor is given by

minor (A)12 = det

[
4 2
3 1

]

Using Definition 3.1, we see that

det

[
4 2
3 1

]
= (4)(1)− (3)(2) = 4−6 =−2

Therefore minor (A)12 =−2.
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Similarly, minor (A)23 is the determinant of the 2×2 matrix which results when you delete the second
row and the third column. This minor is therefore

minor (A)23 = det

[
1 2
3 2

]
=−4

Finding the other minors of A is left as an exercise. ♠

The i jth minor of a matrix A is used in another important definition, given next.

Definition 3.5: The i jth Cofactor of a Matrix

Suppose A is an n×n matrix. The i jth cofactor, denoted by cof (A)i j is defined to be

cof (A)i j = (−1)i+ j minor (A)i j

It is also convenient to refer to the cofactor of an entry of a matrix as follows. If ai j is the i jth entry of
the matrix, then its cofactor is just cof(A)i j .

Example 3.6: Finding Cofactors of a Matrix

Consider the matrix

A =

⎡

⎣
1 2 3
4 3 2

3 2 1

⎤

⎦

Find cof(A)12 and cof(A)23.

Solution. We will use Definition 3.5 to compute these cofactors.

First, we will compute cof(A)12. Therefore, we need to find minor (A)12. This is the determinant of
the 2×2 matrix which results when you delete the first row and the second column. Thus minor (A)12 is

given by

det

[
4 2
3 1

]
=−2

Then,

cof(A)12 = (−1)1+2 minor (A)12 = (−1)1+2 (−2) = 2

Hence, cof (A)12 = 2.

Similarly, we can find cof(A)23. First, find minor (A)23, which is the determinant of the 2×2 matrix
which results when you delete the second row and the third column. This minor is therefore

det

[
1 2
3 2

]
=−4

Hence,
cof(A)23 = (−1)2+3 minor (A)23 = (−1)2+3 (−4) = 4
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♠

You may wish to find the remaining cofactors for the above matrix. Remember that there is a cofactor
for every entry in the matrix.

We have now established the tools we need to find the determinant of a 3×3 matrix.

Definition 3.7: The Determinant of a Three By Three Matrix

Let A be a 3× 3 matrix. Then, det(A) is calculated by picking a row (or column) and taking the
product of each entry in that row (column) with its cofactor and adding these products together.
This process when applied to the ith row (column) is known as expanding along the ith row (col-
umn) as is given by

det(A) = ai1cof(A)i1+ai2cof(A)i2+ai3cof(A)i3

When calculating the determinant, you can choose to expand any row or any column. Regardless of

your choice, you will always get the same number which is the determinant of the matrix A. This method of
evaluating a determinant by expanding along a row or a column is called Laplace Expansion or Cofactor

Expansion.

Consider the following example.

Example 3.8: Finding the Determinant of a Three by Three Matrix

Let

A =

⎡

⎣
1 2 3

4 3 2
3 2 1

⎤

⎦

Find det(A) using the method of Laplace Expansion.

Solution. First, we will calculate det(A) by expanding along the first column. Using Definition 3.7, we
take the 1 in the first column and multiply it by its cofactor,

1(−1)1+1

∣∣∣∣
3 2
2 1

∣∣∣∣= (1)(1)(−1) =−1

Similarly, we take the 4 in the first column and multiply it by its cofactor, as well as with the 3 in the first
column. Finally, we add these numbers together, as given in the following equation.

det(A) = 1

cof(A)11︷ ︸︸ ︷

(−1)1+1

∣∣∣∣
3 2
2 1

∣∣∣∣+4

cof(A)21︷ ︸︸ ︷

(−1)2+1

∣∣∣∣
2 3
2 1

∣∣∣∣+3

cof(A)31︷ ︸︸ ︷

(−1)3+1

∣∣∣∣
2 3
3 2

∣∣∣∣

Calculating each of these, we obtain

det(A) = 1(1)(−1)+4(−1)(−4)+3(1)(−5) =−1+16+−15 = 0

Hence, det(A) = 0.
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det(A) = 1

cof(A)11︷ ︸︸ ︷

(−1)1+1

∣∣∣∣
3 2
2 1

∣∣∣∣+4

cof(A)21︷ ︸︸ ︷

(−1)2+1

∣∣∣∣
2 3
2 1

∣∣∣∣+3

cof(A)31︷ ︸︸ ︷

(−1)3+1

∣∣∣∣
2 3
3 2

∣∣∣∣

Calculating each of these, we obtain

det(A) = 1(1)(−1)+4(−1)(−4)+3(1)(−5) =−1+16+−15 = 0

Hence, det(A) = 0.
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You may wish to find the remaining cofactors for the above matrix. Remember that there is a cofactor
for every entry in the matrix.

We have now established the tools we need to find the determinant of a 3×3 matrix.

Definition 3.7: The Determinant of a Three By Three Matrix

Let A be a 3× 3 matrix. Then, det(A) is calculated by picking a row (or column) and taking the
product of each entry in that row (column) with its cofactor and adding these products together.
This process when applied to the ith row (column) is known as expanding along the ith row (col-
umn) as is given by

det(A) = ai1cof(A)i1+ai2cof(A)i2+ai3cof(A)i3

When calculating the determinant, you can choose to expand any row or any column. Regardless of

your choice, you will always get the same number which is the determinant of the matrix A. This method of
evaluating a determinant by expanding along a row or a column is called Laplace Expansion or Cofactor

Expansion.

Consider the following example.

Example 3.8: Finding the Determinant of a Three by Three Matrix

Let

A =

⎡

⎣
1 2 3

4 3 2
3 2 1

⎤

⎦

Find det(A) using the method of Laplace Expansion.
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Hence, det(A) = 0.
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Calculating each of these, we obtain

det(A) = 1(1)(−1)+4(−1)(−4)+3(1)(−5) =−1+16+−15 = 0

Hence, det(A) = 0.
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As mentioned in Definition 3.7, we can choose to expand along any row or column. Let’s try now by
expanding along the second row. Here, we take the 4 in the second row and multiply it to its cofactor, then
add this to the 3 in the second row multiplied by its cofactor, and the 2 in the second row multiplied by its

cofactor. The calculation is as follows.

det(A) = 4

cof(A)21︷ ︸︸ ︷
(−1)2+1

∣∣∣∣
2 3
2 1

∣∣∣∣+3

cof(A)22︷ ︸︸ ︷
(−1)2+2

∣∣∣∣
1 3
3 1

∣∣∣∣+2

cof(A)23︷ ︸︸ ︷
(−1)2+3

∣∣∣∣
1 2
3 2

∣∣∣∣

Calculating each of these products, we obtain

det(A) = 4(−1)(−2)+3(1)(−8)+2(−1)(−4) = 0

You can see that for both methods, we obtained det(A) = 0. ♠

As mentioned above, we will always come up with the same value for det(A) regardless of the row or
column we choose to expand along. You should try to compute the above determinant by expanding along

other rows and columns. This is a good way to check your work, because you should come up with the
same number each time!

We present this idea formally in the following theorem.

Theorem 3.9: The Determinant is Well Defined

Expanding the n× n matrix along any row or column always gives the same answer, which is the
determinant.

We have now looked at the determinant of 2×2 and 3×3 matrices. It turns out that the method used

to calculate the determinant of a 3×3 matrix can be used to calculate the determinant of any sized matrix.
Notice that Definition 3.3, Definition 3.5 and Definition 3.7 can all be applied to a matrix of any size.

For example, the i jth minor of a 4×4 matrix is the determinant of the 3×3 matrix you obtain when you

delete the ith row and the jth column. Just as with the 3×3 determinant, we can compute the determinant
of a 4×4 matrix by Laplace Expansion, along any row or column

Consider the following example.

Example 3.10: Determinant of a Four by Four Matrix

Find det(A) where

A =

⎡

⎢⎢⎣

1 2 3 4

5 4 2 3
1 3 4 5
3 4 3 2

⎤

⎥⎥⎦

Solution. As in the case of a 3× 3 matrix, you can expand this along any row or column. Lets pick the
third column. Then, using Laplace Expansion,

det(A) = 3(−1)1+3

∣∣∣∣∣∣

5 4 3
1 3 5

3 4 2

∣∣∣∣∣∣
+2(−1)2+3

∣∣∣∣∣∣

1 2 4
1 3 5

3 4 2

∣∣∣∣∣∣
+
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+112 Determinants

4(−1)3+3

∣∣∣∣∣∣

1 2 4

5 4 3
3 4 2

∣∣∣∣∣∣
+3(−1)4+3

∣∣∣∣∣∣

1 2 4

5 4 3
1 3 5

∣∣∣∣∣∣

Now, you can calculate each 3×3 determinant using Laplace Expansion, as we did above. You should
complete these as an exercise and verify that det (A) =−12. ♠

The following provides a formal definition for the determinant of an n× n matrix. You may wish
to take a moment and consider the above definitions for 2× 2 and 3× 3 determinants in context of this
definition.

Definition 3.11: The Determinant of an n×n Matrix

Let A be an n×n matrix where n ≥ 2 and suppose the determinant of an (n−1)× (n−1) has been
defined. Then

det(A) =
n

∑
j=1

ai jcof(A)i j =
n

∑
i=1

ai jcof(A)i j

The first formula consists of expanding the determinant along the ith row and the second expands
the determinant along the jth column.

In the following sections, we will explore some important properties and characteristics of the deter-
minant.

3.1.2. The Determinant of a Triangular Matrix

There is a certain type of matrix for which finding the determinant is a very simple procedure. Consider

the following definition.

Definition 3.12: Triangular Matrices

A matrix A is upper triangular if ai j = 0 whenever i > j. Thus the entries of such a matrix below
the main diagonal equal 0, as shown. Here, ∗ refers to any nonzero number.

⎡

⎢⎢⎢⎣

∗ ∗ · · · ∗
0 ∗ · · ·

...
...

...
. . . ∗

0 · · · 0 ∗

⎤

⎥⎥⎥⎦

A lower triangular matrix is defined similarly as a matrix for which all entries above the main
diagonal are equal to zero.

The following theorem provides a useful way to calculate the determinant of a triangular matrix.
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Now, you can calculate each 3×3 determinant using Laplace Expansion, as we did above. You should
complete these as an exercise and verify that det (A) =−12. ♠

The following provides a formal definition for the determinant of an n× n matrix. You may wish
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...
...

...
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A lower triangular matrix is defined similarly as a matrix for which all entries above the main
diagonal are equal to zero.

The following theorem provides a useful way to calculate the determinant of a triangular matrix.
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Theorem 3.13: Determinant of a Triangular Matrix

Let A be an upper or lower triangular matrix. Then det(A) is obtained by taking the product of the
entries on the main diagonal.

The verification of this Theorem can be done by computing the determinant using Laplace Expansion

along the first row or column.

Consider the following example.

Example 3.14: Determinant of a Triangular Matrix

Let

A =

⎡

⎢⎢⎣

1 2 3 77
0 2 6 7

0 0 3 33.7
0 0 0 −1

⎤

⎥⎥⎦

Find det(A) .

Solution. From Theorem 3.13, it suffices to take the product of the elements on the main diagonal. Thus
det(A) = 1×2×3× (−1) =−6.

Without using Theorem 3.13, you could use Laplace Expansion. We will expand along the first column.
This gives

det(A) = 1

∣∣∣∣∣∣

2 6 7
0 3 33.7
0 0 −1

∣∣∣∣∣∣
+0(−1)2+1

∣∣∣∣∣∣

2 3 77
0 3 33.7
0 0 −1

∣∣∣∣∣∣
+

0(−1)3+1

∣∣∣∣∣∣

2 3 77
2 6 7

0 0 −1

∣∣∣∣∣∣
+0(−1)4+1

∣∣∣∣∣∣

2 3 77
2 6 7

0 3 33.7

∣∣∣∣∣∣

and the only nonzero term in the expansion is

1

∣∣∣∣∣∣

2 6 7
0 3 33.7
0 0 −1

∣∣∣∣∣∣

Now find the determinant of this 3×3 matrix, by expanding along the first column to obtain

det(A) = 1×
(

2×
∣∣∣∣

3 33.7

0 −1

∣∣∣∣+0(−1)2+1

∣∣∣∣
6 7

0 −1

∣∣∣∣+0(−1)3+1

∣∣∣∣
6 7

3 33.7

∣∣∣∣

)

= 1×2×
∣∣∣∣

3 33.7
0 −1

∣∣∣∣

Next use Definition 3.1 to find the determinant of this 2×2 matrix, which is just 3×−1−0×33.7 =−3.
Putting all these steps together, we have

det(A) = 1×2×3× (−1) =−6
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Theorem 3.13: Determinant of a Triangular Matrix

Let A be an upper or lower triangular matrix. Then det(A) is obtained by taking the product of the
entries on the main diagonal.

The verification of this Theorem can be done by computing the determinant using Laplace Expansion
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which is just the product of the entries down the main diagonal of the original matrix! ♠

You can see that while both methods result in the same answer, Theorem 3.13 provides a much quicker
method.

In the next section, we explore some important properties of determinants.

3.1.3. Properties of Determinants I: Examples

There are many important properties of determinants. Since many of these properties involve the row

operations discussed in Chapter 1, we recall that definition now.

Definition 3.15: Row Operations

The row operations consist of the following

1. Switch two rows.

2. Multiply a row by a nonzero number.

3. Replace a row by a multiple of another row added to itself.

We will now consider the effect of row operations on the determinant of a matrix. In future sections,

we will see that using the following properties can greatly assist in finding determinants. This section will
use the theorems as motivation to provide various examples of the usefulness of the properties.

The first theorem explains the affect on the determinant of a matrix when two rows are switched.

Theorem 3.16: Switching Rows

Let A be an n× n matrix and let B be a matrix which results from switching two rows of A. Then
det(B) =−det(A) .

When we switch two rows of a matrix, the determinant is multiplied by −1. Consider the following
example.

Example 3.17: Switching Two Rows

Let A =

[
1 2
3 4

]
and let B =

[
3 4
1 2

]
. Knowing that det(A) =−2, find det(B).

Solution. By Definition 3.1, det(A) = 1×4−3×2 =−2. Notice that the rows of B are the rows of A but
switched. By Theorem 3.16 since two rows of A have been switched, det(B) = −det(A) = −(−2) = 2.

You can verify this using Definition 3.1. ♠

The next theorem demonstrates the effect on the determinant of a matrix when we multiply a row by a
scalar.
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Theorem 3.18: Multiplying a Row by a Scalar

Let A be an n×n matrix and let B be a matrix which results from multiplying some row of A by a
scalar k. Then det(B) = k det(A).

Notice that this theorem is true when we multiply one row of the matrix by k. If we were to multiply
two rows of A by k to obtain B, we would have det(B) = k2 det(A). Suppose we were to multiply all n

rows of A by k to obtain the matrix B, so that B = kA. Then, det(B) = kn det(A). This gives the next
theorem.

Theorem 3.19: Scalar Multiplication

Let A and B be n×n matrices and k a scalar, such that B = kA. Then det(B) = kn det(A).

Consider the following example.

Example 3.20: Multiplying a Row by 5

Let A =

[
1 2
3 4

]
, B =

[
5 10
3 4

]
. Knowing that det(A) =−2, find det(B).

Solution. By Definition 3.1, det(A) = −2. We can also compute det(B) using Definition 3.1, and we see

that det(B) =−10.

Now, let’s compute det(B) using Theorem 3.18 and see if we obtain the same answer. Notice that the
first row of B is 5 times the first row of A, while the second row of B is equal to the second row of A. By

Theorem 3.18, det(B) = 5×det(A) = 5×−2 =−10.

You can see that this matches our answer above. ♠

Finally, consider the next theorem for the last row operation, that of adding a multiple of a row to

another row.

Theorem 3.21: Adding a Multiple of a Row to Another Row

Let A be an n× n matrix and let B be a matrix which results from adding a multiple of a row to
another row. Then det(A) = det(B).

Therefore, when we add a multiple of a row to another row, the determinant of the matrix is unchanged.
Note that if a matrix A contains a row which is a multiple of another row, det(A) will equal 0. To see this,

suppose the first row of A is equal to −1 times the second row. By Theorem 3.21, we can add the first row
to the second row, and the determinant will be unchanged. However, this row operation will result in a
row of zeros. Using Laplace Expansion along the row of zeros, we find that the determinant is 0.

Consider the following example.

3.1. Basic Techniques and Properties 115

Theorem 3.18: Multiplying a Row by a Scalar

Let A be an n×n matrix and let B be a matrix which results from multiplying some row of A by a
scalar k. Then det(B) = k det(A).

Notice that this theorem is true when we multiply one row of the matrix by k. If we were to multiply
two rows of A by k to obtain B, we would have det(B) = k2 det(A). Suppose we were to multiply all n

rows of A by k to obtain the matrix B, so that B = kA. Then, det(B) = kn det(A). This gives the next
theorem.

Theorem 3.19: Scalar Multiplication

Let A and B be n×n matrices and k a scalar, such that B = kA. Then det(B) = kn det(A).

Consider the following example.

Example 3.20: Multiplying a Row by 5

Let A =

[
1 2
3 4

]
, B =

[
5 10
3 4

]
. Knowing that det(A) =−2, find det(B).

Solution. By Definition 3.1, det(A) = −2. We can also compute det(B) using Definition 3.1, and we see

that det(B) =−10.

Now, let’s compute det(B) using Theorem 3.18 and see if we obtain the same answer. Notice that the
first row of B is 5 times the first row of A, while the second row of B is equal to the second row of A. By

Theorem 3.18, det(B) = 5×det(A) = 5×−2 =−10.

You can see that this matches our answer above. ♠

Finally, consider the next theorem for the last row operation, that of adding a multiple of a row to

another row.

Theorem 3.21: Adding a Multiple of a Row to Another Row

Let A be an n× n matrix and let B be a matrix which results from adding a multiple of a row to
another row. Then det(A) = det(B).

Therefore, when we add a multiple of a row to another row, the determinant of the matrix is unchanged.
Note that if a matrix A contains a row which is a multiple of another row, det(A) will equal 0. To see this,

suppose the first row of A is equal to −1 times the second row. By Theorem 3.21, we can add the first row
to the second row, and the determinant will be unchanged. However, this row operation will result in a
row of zeros. Using Laplace Expansion along the row of zeros, we find that the determinant is 0.

Consider the following example.

3.1. Basic Techniques and Properties 115

Theorem 3.18: Multiplying a Row by a Scalar

Let A be an n×n matrix and let B be a matrix which results from multiplying some row of A by a
scalar k. Then det(B) = k det(A).

Notice that this theorem is true when we multiply one row of the matrix by k. If we were to multiply
two rows of A by k to obtain B, we would have det(B) = k2 det(A). Suppose we were to multiply all n

rows of A by k to obtain the matrix B, so that B = kA. Then, det(B) = kn det(A). This gives the next
theorem.

Theorem 3.19: Scalar Multiplication

Let A and B be n×n matrices and k a scalar, such that B = kA. Then det(B) = kn det(A).

Consider the following example.

Example 3.20: Multiplying a Row by 5

Let A =

[
1 2
3 4

]
, B =

[
5 10
3 4

]
. Knowing that det(A) =−2, find det(B).

Solution. By Definition 3.1, det(A) = −2. We can also compute det(B) using Definition 3.1, and we see

that det(B) =−10.

Now, let’s compute det(B) using Theorem 3.18 and see if we obtain the same answer. Notice that the
first row of B is 5 times the first row of A, while the second row of B is equal to the second row of A. By

Theorem 3.18, det(B) = 5×det(A) = 5×−2 =−10.

You can see that this matches our answer above. ♠

Finally, consider the next theorem for the last row operation, that of adding a multiple of a row to

another row.

Theorem 3.21: Adding a Multiple of a Row to Another Row

Let A be an n× n matrix and let B be a matrix which results from adding a multiple of a row to
another row. Then det(A) = det(B).

Therefore, when we add a multiple of a row to another row, the determinant of the matrix is unchanged.
Note that if a matrix A contains a row which is a multiple of another row, det(A) will equal 0. To see this,

suppose the first row of A is equal to −1 times the second row. By Theorem 3.21, we can add the first row
to the second row, and the determinant will be unchanged. However, this row operation will result in a
row of zeros. Using Laplace Expansion along the row of zeros, we find that the determinant is 0.

Consider the following example.



 
 

 

 
 

 
 

 
 

 
 

 
 

3.1. Basic Techniques and Properties 115

Theorem 3.18: Multiplying a Row by a Scalar

Let A be an n×n matrix and let B be a matrix which results from multiplying some row of A by a
scalar k. Then det(B) = k det(A).

Notice that this theorem is true when we multiply one row of the matrix by k. If we were to multiply
two rows of A by k to obtain B, we would have det(B) = k2 det(A). Suppose we were to multiply all n

rows of A by k to obtain the matrix B, so that B = kA. Then, det(B) = kn det(A). This gives the next
theorem.

Theorem 3.19: Scalar Multiplication

Let A and B be n×n matrices and k a scalar, such that B = kA. Then det(B) = kn det(A).

Consider the following example.

Example 3.20: Multiplying a Row by 5

Let A =

[
1 2
3 4

]
, B =

[
5 10
3 4

]
. Knowing that det(A) =−2, find det(B).

Solution. By Definition 3.1, det(A) = −2. We can also compute det(B) using Definition 3.1, and we see

that det(B) =−10.

Now, let’s compute det(B) using Theorem 3.18 and see if we obtain the same answer. Notice that the
first row of B is 5 times the first row of A, while the second row of B is equal to the second row of A. By

Theorem 3.18, det(B) = 5×det(A) = 5×−2 =−10.

You can see that this matches our answer above. ♠

Finally, consider the next theorem for the last row operation, that of adding a multiple of a row to

another row.

Theorem 3.21: Adding a Multiple of a Row to Another Row

Let A be an n× n matrix and let B be a matrix which results from adding a multiple of a row to
another row. Then det(A) = det(B).

Therefore, when we add a multiple of a row to another row, the determinant of the matrix is unchanged.
Note that if a matrix A contains a row which is a multiple of another row, det(A) will equal 0. To see this,

suppose the first row of A is equal to −1 times the second row. By Theorem 3.21, we can add the first row
to the second row, and the determinant will be unchanged. However, this row operation will result in a
row of zeros. Using Laplace Expansion along the row of zeros, we find that the determinant is 0.

Consider the following example.

3.1. Basic Techniques and Properties 115

Theorem 3.18: Multiplying a Row by a Scalar

Let A be an n×n matrix and let B be a matrix which results from multiplying some row of A by a
scalar k. Then det(B) = k det(A).

Notice that this theorem is true when we multiply one row of the matrix by k. If we were to multiply
two rows of A by k to obtain B, we would have det(B) = k2 det(A). Suppose we were to multiply all n

rows of A by k to obtain the matrix B, so that B = kA. Then, det(B) = kn det(A). This gives the next
theorem.

Theorem 3.19: Scalar Multiplication

Let A and B be n×n matrices and k a scalar, such that B = kA. Then det(B) = kn det(A).

Consider the following example.

Example 3.20: Multiplying a Row by 5

Let A =

[
1 2
3 4

]
, B =

[
5 10
3 4

]
. Knowing that det(A) =−2, find det(B).

Solution. By Definition 3.1, det(A) = −2. We can also compute det(B) using Definition 3.1, and we see

that det(B) =−10.

Now, let’s compute det(B) using Theorem 3.18 and see if we obtain the same answer. Notice that the
first row of B is 5 times the first row of A, while the second row of B is equal to the second row of A. By

Theorem 3.18, det(B) = 5×det(A) = 5×−2 =−10.

You can see that this matches our answer above. ♠

Finally, consider the next theorem for the last row operation, that of adding a multiple of a row to

another row.

Theorem 3.21: Adding a Multiple of a Row to Another Row

Let A be an n× n matrix and let B be a matrix which results from adding a multiple of a row to
another row. Then det(A) = det(B).

Therefore, when we add a multiple of a row to another row, the determinant of the matrix is unchanged.
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to the second row, and the determinant will be unchanged. However, this row operation will result in a
row of zeros. Using Laplace Expansion along the row of zeros, we find that the determinant is 0.

Consider the following example.
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Example 3.22: Adding a Row to Another Row

Let A =

[
1 2
3 4

]
and let B =

[
1 2
5 8

]
. Find det(B).

Solution. By Definition 3.1, det(A) =−2. Notice that the second row of B is two times the first row of A

added to the second row. By Theorem 3.16, det(B) = det(A) =−2. As usual, you can verify this answer

using Definition 3.1. ♠

Example 3.23: Multiple of a Row

Let A =

[
1 2
2 4

]
. Show that det(A) = 0.

Solution. Using Definition 3.1, the determinant is given by

det(A) = 1×4−2×2 = 0

However notice that the second row is equal to 2 times the first row. Then by the discussion above
following Theorem 3.21 the determinant will equal 0. ♠

Until now, our focus has primarily been on row operations. However, we can carry out the same
operations with columns, rather than rows. The three operations outlined in Definition 3.15 can be done
with columns instead of rows. In this case, in Theorems 3.16, 3.18, and 3.21 you can replace the word,

"row" with the word "column".

There are several other major properties of determinants which do not involve row (or column) opera-

tions. The first is the determinant of a product of matrices.

Theorem 3.24: Determinant of a Product

Let A and B be two n×n matrices. Then

det(AB) = det(A)det(B)

In order to find the determinant of a product of matrices, we can simply take the product of the deter-
minants.

Consider the following example.

Example 3.25: The Determinant of a Product

Compare det(AB) and det(A)det(B) for

A =

[
1 2

−3 2

]
,B =

[
3 2
4 1

]
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Solution. First compute AB, which is given by

AB =

[
1 2

−3 2

][
3 2

4 1

]
=

[
11 4

−1 −4

]

and so by Definition 3.1

det(AB) = det

[
11 4

−1 −4

]
=−40

Now

det(A) = det

[
1 2

−3 2

]
= 8

and

det(B) = det

[
3 2
4 1

]
=−5

Computing det(A)× det(B) we have 8×−5 = −40. This is the same answer as above and you can

see that det(A)det(B) = 8× (−5) =−40 = det(AB). ♠

Consider the next important property.

Theorem 3.26: Determinant of the Transpose

Let A be a matrix where AT is the transpose of A. Then,

det
(
AT
)
= det(A)

This theorem is illustrated in the following example.

Example 3.27: Determinant of the Transpose

Let

A =

[
2 5

4 3

]

Find det
(
AT
)
.

Solution. First, note that

AT =

[
2 4
5 3

]

Using Definition 3.1, we can compute det(A) and det
(
AT
)
. It follows that det(A) = 2×3−4×5 =

−14 and det
(
AT
)
= 2×3−5×4 =−14. Hence, det(A) = det

(
AT
)
. ♠

The following provides an essential property of the determinant, as well as a useful way to determine
if a matrix is invertible.
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Theorem 3.28: Determinant of the Inverse

Let A be an n×n matrix. Then A is invertible if and only if det(A) ≠ 0. If this is true, it follows that

det(A−1) =
1

det(A)

Consider the following example.

Example 3.29: Determinant of an Invertible Matrix

Let A =

[
3 6
2 4

]
,B =

[
2 3
5 1

]
. For each matrix, determine if it is invertible. If so, find the

determinant of the inverse.

Solution. Consider the matrix A first. Using Definition 3.1 we can find the determinant as follows:

det(A) = 3×4−2×6 = 12−12 = 0

By Theorem 3.28 A is not invertible.

Now consider the matrix B. Again by Definition 3.1 we have

det(B) = 2×1−5×3 = 2−15 =−13

By Theorem 3.28 B is invertible and the determinant of the inverse is given by

det
(
A−1

)
=

1

det(A)

=
1

−13

= −
1

13

♠

3.1.4. Properties of Determinants II: Some Important Proofs

This section includes some important proofs on determinants and cofactors.

First we recall the definition of a determinant. If A =
[
ai j

]
is an n×n matrix, then detA is defined by

computing the expansion along the first row:

detA =
n

∑
i=1

a1,icof(A)1,i. (3.1)

If n = 1 then detA = a1,1.
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Let A =

[
3 6
2 4

]
,B =

[
2 3
5 1

]
. For each matrix, determine if it is invertible. If so, find the

determinant of the inverse.

Solution. Consider the matrix A first. Using Definition 3.1 we can find the determinant as follows:

det(A) = 3×4−2×6 = 12−12 = 0

By Theorem 3.28 A is not invertible.

Now consider the matrix B. Again by Definition 3.1 we have

det(B) = 2×1−5×3 = 2−15 =−13

By Theorem 3.28 B is invertible and the determinant of the inverse is given by

det
(
A−1

)
=

1

det(A)

=
1

−13

= −
1

13

♠

3.1.4. Properties of Determinants II: Some Important Proofs

This section includes some important proofs on determinants and cofactors.

First we recall the definition of a determinant. If A =
[
ai j

]
is an n×n matrix, then detA is defined by

computing the expansion along the first row:

detA =
n

∑
i=1

a1,icof(A)1,i. (3.1)

If n = 1 then detA = a1,1.
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The following example is straightforward and strongly recommended as a means for getting used to
definitions.

Example 3.30:

(1) Let Ei j be the elementary matrix obtained by interchanging ith and jth rows of I. Then detEi j =
−1.
(2) Let Eik be the elementary matrix obtained by multiplying the ith row of I by k. Then detEik = k.
(3) Let Ei jk be the elementary matrix obtained by multiplying ith row of I by k and adding it to its
jth row. Then detEi jk = 1.
(4) If C and B are such that CB is defined and the ith row of C consists of zeros, then the ith row of
CB consists of zeros.
(5) If E is an elementary matrix, then detE = detET .

Many of the proofs in section use the Principle of Mathematical Induction. This concept is discussed

in Appendix A.2 and is reviewed here for convenience. First we check that the assertion is true for n = 2
(the case n = 1 is either completely trivial or meaningless).

Next, we assume that the assertion is true for n− 1 (where n ≥ 3) and prove it for n. Once this is
accomplished, by the Principle of Mathematical Induction we can conclude that the statement is true for
all n×n matrices for every n ≥ 2.

If A is an n×n matrix and 1 ≤ j ≤ n, then the matrix obtained by removing 1st column and jth row
from A is an n−1×n−1 matrix (we shall denote this matrix by A( j) below). Since these matrices are used

in computation of cofactors cof(A)1,i, for 1 ≤ i ≠ n, the inductive assumption applies to these matrices.

Consider the following lemma.

Lemma 3.31:

If A is an n×n matrix such that one of its rows consists of zeros, then detA = 0.

Proof. We will prove this lemma using Mathematical Induction.

If n = 2 this is easy (check!).

Let n ≥ 3 be such that every matrix of size n−1×n−1 with a row consisting of zeros has determinant
equal to zero. Let i be such that the ith row of A consists of zeros. Then we have ai j = 0 for 1 ≤ j ≤ n.

Fix j ∈ {1,2, . . . ,n} such that j ≠ i. Then matrix A( j) used in computation of cof(A)1, j has a row
consisting of zeros, and by our inductive assumption cof(A)1, j = 0.

On the other hand, if j = i then a1, j = 0. Therefore a1, jcof(A)1, j = 0 for all j and by (3.1) we have

detA =
n

∑
j=1

a1, jcof(A)1, j = 0

as each of the summands is equal to 0. ♠
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Lemma 3.32:

Assume A, B and C are n×n matrices that for some 1 ≤ i ≤ n satisfy the following.

1. jth rows of all three matrices are identical, for j ≠ i.

2. Each entry in the jth row of A is the sum of the corresponding entries in jth rows of B and C.

Then detA = detB+detC.

Proof. This is not difficult to check for n = 2 (do check it!).

Now assume that the statement of Lemma is true for n− 1× n− 1 matrices and fix A,B and C as

in the statement. The assumptions state that we have al, j = bl, j = cl, j for j ≠ i and for 1 ≤ l ≤ n and
al,i = bl,i + cl,i for all 1 ≤ l ≤ n. Therefore A(i) = B(i) =C(i), and A( j) has the property that its ith row

is the sum of ith rows of B( j) and C( j) for j ≠ i while the other rows of all three matrices are identical.
Therefore by our inductive assumption we have cof(A)1 j = cof(B)1 j + cof(C)1 j for j ≠ i.

By (3.1) we have (using all equalities established above)

detA =
n

∑
l=1

a1,lcof(A)1,l

= ∑
l≠i

a1,l(cof(B)1,l + cof(C)1,l)+(b1,i + c1,i)cof(A)1,i

= detB+detC

This proves that the assertion is true for all n and completes the proof. ♠

Theorem 3.33:

Let A and B be n×n matrices.

1. If A is obtained by interchanging ith and jth rows of B (with i ≠ j), then detA =−detB.

2. If A is obtained by multiplying ith row of B by k then detA = k detB.

3. If two rows of A are identical then detA = 0.

4. If A is obtained by multiplying ith row of B by k and adding it to jth row of B (i ≠ j) then
detA = detB.

Proof. We prove all statements by induction. The case n = 2 is easily checked directly (and it is strongly
suggested that you do check it).

We assume n ≥ 3 and (1)–(4) are true for all matrices of size n−1×n−1.

(1) We prove the case when j = i+1, i.e., we are interchanging two consecutive rows.

Let l ∈ {1, . . . ,n} \ {i, j}. Then A(l) is obtained from B(l) by interchanging two of its rows (draw a

picture) and by our assumption
cof(A)1,l =−cof(B)1,l. (3.2)
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Now consider a1,icof(A)1,l. We have that a1,i = b1, j and also that A(i) = B( j). Since j = i+1, we have

(−1)1+ j = (−1)1+i+1 =−(−1)1+i

and therefore a1icof(A)1i =−b1 jcof(B)1 j and a1 jcof(A)1 j =−b1icof(B)1i. Putting this together with (3.2)
into (3.1) we see that if in the formula for detA we change the sign of each of the summands we obtain the

formula for detB.

detA =
n

∑
l=1

a1lcof(A)1l =−
n

∑
l=1

b1lB1l = detB.

We have therefore proved the case of (1) when j = i+1. In order to prove the general case, one needs
the following fact. If i < j, then in order to interchange ith and jth row one can proceed by interchanging
two adjacent rows 2( j− i)+1 times: First swap ith and i+1st, then i+1st and i+2nd, and so on. After

one interchanges j−1st and jth row, we have ith row in position of jth and lth row in position of l −1st
for i+1 ≤ l ≤ j. Then proceed backwards swapping adjacent rows until everything is in place.

Since 2( j− i)+1 is an odd number (−1)2( j−i)+1 =−1 and we have that detA =−detB.

(2) This is like (1). . . but much easier. Assume that (2) is true for all n− 1× n− 1 matrices. We
have that a ji = kb ji for 1 ≤ j ≤ n. In particular a1i = kb1i, and for l ≠ i matrix A(l) is obtained from

B(l) by multiplying one of its rows by k. Therefore cof(A)1l = kcof(B)1l for l ≠ i, and for all l we have
a1lcof(A)1l = kb1lcof(B)1l. By (3.1), we have detA = k detB.

(3) This is a consequence of (1). If two rows of A are identical, then A is equal to the matrix obtained
by interchanging those two rows and therefore by (1) detA =−detA. This implies detA = 0.

(4) Assume (4) is true for all n−1×n−1 matrices and fix A and B such that A is obtained by multi-

plying ith row of B by k and adding it to jth row of B (i ≠ j) then detA = detB. If k = 0 then A = B and
there is nothing to prove, so we may assume k ≠ 0.

Let C be the matrix obtained by replacing the jth row of B by the ith row of B multiplied by k. By
Lemma 3.32, we have that

detA = detB+detC

and we ‘only’ need to show that detC = 0. But ith and jth rows of C are proportional. If D is obtained by
multiplying the jth row of C by 1

k then by (2) we have detC = 1
k detD (recall that k ≠ 0!). But ith and jth

rows of D are identical, hence by (3) we have detD = 0 and therefore detC = 0. ♠

Theorem 3.34:

Let A and B be two n×n matrices. Then

det(AB) = det(A)det(B)

Proof. If A is an elementary matrix of either type, then multiplying by A on the left has the same effect as

performing the corresponding elementary row operation. Therefore the equality det(AB) = detAdetB in
this case follows by Example 3.30 and Theorem 3.33.

If C is the reduced row-echelon form of A then we can write A=E1 ·E2 · · · · ·Em ·C for some elementary
matrices E1, . . . ,Em.

Now we consider two cases.
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Assume first that C = I. Then A = E1 ·E2 · · · · ·Em and AB = E1 ·E2 · · · · ·EmB. By applying the above
equality m times, and then m−1 times, we have that

detAB = detE1 detE2 ·detEm ·detB

= det(E1 ·E2 · · · · ·Em)detB

= detAdetB.

Now assume C ≠ I. Since it is in reduced row-echelon form, its last row consists of zeros and by (4)
of Example 3.30 the last row of CB consists of zeros. By Lemma 3.31 we have detC = det(CB) = 0 and
therefore

detA = det(E1 ·E2 ·Em) ·det(C) = det(E1 ·E2 ·Em) ·0 = 0

and also

detAB = det(E1 ·E2 ·Em) ·det(CB) = det(E1 ·E2 · · · · ·Em)0 = 0

hence detAB = 0 = detAdetB. ♠

The same ‘machine’ used in the previous proof will be used again.

Theorem 3.35:

Let A be a matrix where AT is the transpose of A. Then,

det
(
AT
)
= det(A)

Proof. Note first that the conclusion is true if A is elementary by (5) of Example 3.30.

Let C be the reduced row-echelon form of A. Then we can write A = E1 ·E2 · · · · ·EmC. Then AT =
CT ·ET

m · · · · ·ET
2 ·E1. By Theorem 3.34 we have

det(AT ) = det(CT ) ·det(ET
m) · · · · ·det(ET

2 ) ·det(E1).

By (5) of Example 3.30 we have that detE j = detET
j for all j. Also, detC is either 0 or 1 (depending on

whether C = I or not) and in either case detC = detCT . Therefore detA = detAT . ♠

The above discussions allow us to now prove Theorem 3.9. It is restated below.

Theorem 3.36:

Expanding an n× n matrix along any row or column always gives the same result, which is the
determinant.

Proof. We first show that the determinant can be computed along any row. The case n = 1 does not apply
and thus let n ≥ 2.

Let Abe an n×n matrix and fix j > 1. We need to prove that

detA =
n

∑
i=1

a j,icof(A) j,i.
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Let us prove the case when j = 2.

Let B be the matrix obtained from A by interchanging its 1st and 2nd rows. Then by Theorem 3.33 we
have

detA =−detB.

Now we have

detB =
n

∑
i=1

b1,icof(B)1,i.

Since B is obtained by interchanging the 1st and 2nd rows of A we have that b1,i = a2,i for all i and one

can see that minor(B)1,i = minor(A)2,i.

Further,
cof(B)1,i = (−1)1+iminorB1,i =−(−1)2+iminor(A)2,i =−cof(A)2,i

hence detB =−∑n
i=1 a2,icof(A)2,i, and therefore detA =−detB = ∑n

i=1 a2,icof(A)2,i as desired.

The case when j > 2 is very similar; we still have minor(B)1,i = minor(A) j,i but checking that detB =
−∑n

i=1 a j,icof(A) j,i is slightly more involved.

Now the cofactor expansion along column j of A is equal to the cofactor expansion along row j of AT ,
which is by the above result just proved equal to the cofactor expansion along row 1 of AT , which is equal

to the cofactor expansion along column 1 of A. Thus the cofactor cofactor along any column yields the
same result.

Finally, since detA = detAT by Theorem 3.35, we conclude that the cofactor expansion along row 1
of A is equal to the cofactor expansion along row 1 of AT , which is equal to the cofactor expansion along
column 1 of A. Thus the proof is complete. ♠

3.1.5. Finding Determinants using Row Operations

Theorems 3.16, 3.18 and 3.21 illustrate how row operations affect the determinant of a matrix. In this
section, we look at two examples where row operations are used to find the determinant of a large matrix.
Recall that when working with large matrices, Laplace Expansion is effective but timely, as there are

many steps involved. This section provides useful tools for an alternative method. By first applying row
operations, we can obtain a simpler matrix to which we apply Laplace Expansion.

While working through questions such as these, it is useful to record your row operations as you go
along. Keep this in mind as you read through the next example.

Example 3.37: Finding a Determinant

Find the determinant of the matrix

A =

⎡

⎢⎢⎣

1 2 3 4

5 1 2 3
4 5 4 3

2 2 −4 5

⎤

⎥⎥⎦

Solution. We will use the properties of determinants outlined above to find det(A). First, add −5 times
the first row to the second row. Then add −4 times the first row to the third row, and −2 times the first
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row to the fourth row. This yields the matrix

B =

⎡

⎢⎢⎣

1 2 3 4

0 −9 −13 −17
0 −3 −8 −13

0 −2 −10 −3

⎤

⎥⎥⎦

Notice that the only row operation we have done so far is adding a multiple of a row to another row.

Therefore, by Theorem 3.21, det(B) = det(A) .

At this stage, you could use Laplace Expansion to find det(B). However, we will continue with row
operations to find an even simpler matrix to work with.

Add −3 times the third row to the second row. By Theorem 3.21 this does not change the value of the
determinant. Then, multiply the fourth row by −3. This results in the matrix

C =

⎡

⎢⎢⎣

1 2 3 4
0 0 11 22

0 −3 −8 −13
0 6 30 9

⎤

⎥⎥⎦

Here, det(C) =−3det(B), which means that det(B) =
(
−1

3

)
det(C)

Since det(A) = det(B), we now have that det (A) =
(
−1

3

)
det(C). Again, you could use Laplace

Expansion here to find det(C). However, we will continue with row operations.

Now replace the add 2 times the third row to the fourth row. This does not change the value of the

determinant by Theorem 3.21. Finally switch the third and second rows. This causes the determinant to
be multiplied by −1. Thus det(C) =−det(D) where

D =

⎡

⎢⎢⎣

1 2 3 4

0 −3 −8 −13
0 0 11 22
0 0 14 −17

⎤

⎥⎥⎦

Hence, det(A) =
(
−1

3

)
det(C) =

(
1
3

)
det(D)

You could do more row operations or you could note that this can be easily expanded along the first
column. Then, expand the resulting 3×3 matrix also along the first column. This results in

det(D) = 1(−3)

∣∣∣∣
11 22

14 −17

∣∣∣∣= 1485

and so det(A) =
(

1
3

)
(1485) = 495. ♠

You can see that by using row operations, we can simplify a matrix to the point where Laplace Ex-

pansion involves only a few steps. In Example 3.37, we also could have continued until the matrix was in
upper triangular form, and taken the product of the entries on the main diagonal. Whenever computing the
determinant, it is useful to consider all the possible methods and tools.

Consider the next example.
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determinant. Then, multiply the fourth row by −3. This results in the matrix

C =

⎡

⎢⎢⎣

1 2 3 4
0 0 11 22

0 −3 −8 −13
0 6 30 9

⎤

⎥⎥⎦

Here, det(C) =−3det(B), which means that det(B) =
(
−1

3

)
det(C)

Since det(A) = det(B), we now have that det (A) =
(
−1

3

)
det(C). Again, you could use Laplace

Expansion here to find det(C). However, we will continue with row operations.

Now replace the add 2 times the third row to the fourth row. This does not change the value of the

determinant by Theorem 3.21. Finally switch the third and second rows. This causes the determinant to
be multiplied by −1. Thus det(C) =−det(D) where

D =

⎡

⎢⎢⎣

1 2 3 4

0 −3 −8 −13
0 0 11 22
0 0 14 −17

⎤

⎥⎥⎦

Hence, det(A) =
(
−1

3

)
det(C) =

(
1
3

)
det(D)

You could do more row operations or you could note that this can be easily expanded along the first
column. Then, expand the resulting 3×3 matrix also along the first column. This results in

det(D) = 1(−3)

∣∣∣∣
11 22

14 −17

∣∣∣∣= 1485

and so det(A) =
(

1
3

)
(1485) = 495. ♠

You can see that by using row operations, we can simplify a matrix to the point where Laplace Ex-

pansion involves only a few steps. In Example 3.37, we also could have continued until the matrix was in
upper triangular form, and taken the product of the entries on the main diagonal. Whenever computing the
determinant, it is useful to consider all the possible methods and tools.

Consider the next example.
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Example 3.38: Find the Determinant

Find the determinant of the matrix

A =

⎡

⎢⎢⎣

1 2 3 2
1 −3 2 1

2 1 2 5
3 −4 1 2

⎤

⎥⎥⎦

Solution. Once again, we will simplify the matrix through row operations. Add −1 times the first row to
the second row. Next add −2 times the first row to the third and finally take −3 times the first row and add

to the fourth row. This yields

B =

⎡

⎢⎢⎣

1 2 3 2
0 −5 −1 −1

0 −3 −4 1
0 −10 −8 −4

⎤

⎥⎥⎦

By Theorem 3.21, det(A) = det(B).

Remember you can work with the columns also. Take −5 times the fourth column and add to the

second column. This yields

C =

⎡

⎢⎢⎣

1 −8 3 2
0 0 −1 −1

0 −8 −4 1
0 10 −8 −4

⎤

⎥⎥⎦

By Theorem 3.21 det(A) = det(C).

Now take −1 times the third row and add to the top row. This gives.

D =

⎡

⎢⎢⎣

1 0 7 1

0 0 −1 −1
0 −8 −4 1

0 10 −8 −4

⎤

⎥⎥⎦

which by Theorem 3.21 has the same determinant as A.

Now, we can find det(D) by expanding along the first column as follows. You can see that there will

be only one non zero term.

det(D) = 1det

⎡

⎣
0 −1 −1

−8 −4 1

10 −8 −4

⎤

⎦+0+0+0

Expanding again along the first column, we have

det(D) = 1

(
0+8det

[
−1 −1

−8 −4

]
+10det

[
−1 −1

−4 1

])
=−82

Now since det(A) = det(D), it follows that det(A) =−82. ♠

Remember that you can verify these answers by using Laplace Expansion on A. Similarly, if you first
compute the determinant using Laplace Expansion, you can use the row operation method to verify.
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Exercises

Exercise 3.1.1 Find the determinants of the following matrices.

(a)

[
1 3

0 2

]

(b)

[
0 3

0 2

]

(c)

[
4 3
6 2

]

Exercise 3.1.2 Let A =

⎡

⎣
1 2 4

0 1 3
−2 5 1

⎤

⎦. Find the following.

(a) minor(A)11

(b) minor(A)21

(c) minor(A)32

(d) cof(A)11

(e) cof(A)21

(f) cof(A)32

Exercise 3.1.3 Find the determinants of the following matrices.

(a)

⎡

⎣
1 2 3

3 2 2
0 9 8

⎤

⎦

(b)

⎡

⎣
4 3 2
1 7 8

3 −9 3

⎤

⎦

(c)

⎡

⎢⎢⎣

1 2 3 2

1 3 2 3
4 1 5 0
1 2 1 2

⎤

⎥⎥⎦
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Exercise 3.1.4 Find the following determinant by expanding along the first row and second column.
∣∣∣∣∣∣

1 2 1
2 1 3

2 1 1

∣∣∣∣∣∣

Exercise 3.1.5 Find the following determinant by expanding along the first column and third row.
∣∣∣∣∣∣

1 2 1

1 0 1
2 1 1

∣∣∣∣∣∣

Exercise 3.1.6 Find the following determinant by expanding along the second row and first column.
∣∣∣∣∣∣

1 2 1
2 1 3
2 1 1

∣∣∣∣∣∣

Exercise 3.1.7 Compute the determinant by cofactor expansion. Pick the easiest row or column to use.
∣∣∣∣∣∣∣∣

1 0 0 1
2 1 1 0

0 0 0 2
2 1 3 1

∣∣∣∣∣∣∣∣

Exercise 3.1.8 Find the determinant of the following matrices.

(a) A =

[
1 −34
0 2

]

(b) A =

⎡

⎣
4 3 14

0 −2 0
0 0 5

⎤

⎦

(c) A =

⎡

⎢⎢⎣

2 3 15 0
0 4 1 7

0 0 −3 5
0 0 0 1

⎤

⎥⎥⎦

Exercise 3.1.9 An operation is done to get from the first matrix to the second. Identify what was done and

tell how it will affect the value of the determinant.
[

a b

c d

]
→ · · ·→

[
a c

b d

]
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Exercise 3.1.20 Let A and B be two n× n matrices. A ∼ B (A is similar to B) means there exists an

invertible matrix P such that A = P−1BP. Show that if A ∼ B, then det(A) = det(B) .

Exercise 3.1.21 Tell whether each statement is true or false. If true, provide a proof. If false, provide a

counter example.

(a) If A is a 3× 3 matrix with a zero determinant, then one column must be a multiple of some other

column.

(b) If any two columns of a square matrix are equal, then the determinant of the matrix equals zero.

(c) For two n×n matrices A and B, det(A+B) = det(A)+det(B) .

(d) For an n×n matrix A, det(3A) = 3det(A)

(e) If A−1 exists then det
(
A−1

)
= det(A)−1 .

(f) If B is obtained by multiplying a single row of A by 4 then det(B) = 4det(A) .

(g) For A an n×n matrix, det(−A) = (−1)n det(A) .

(h) If A is a real n×n matrix, then det
(
AT A

)
≥ 0.

(i) If Ak = 0 for some positive integer k, then det(A) = 0.

(j) If AX = 0 for some X ≠ 0, then det(A) = 0.

Exercise 3.1.22 Find the determinant using row operations to first simplify.

∣∣∣∣∣∣

1 2 1
2 3 2

−4 1 2

∣∣∣∣∣∣

Exercise 3.1.23 Find the determinant using row operations to first simplify.

∣∣∣∣∣∣

2 1 3
2 4 2

1 4 −5

∣∣∣∣∣∣

Exercise 3.1.24 Find the determinant using row operations to first simplify.

∣∣∣∣∣∣∣∣

1 2 1 2
3 1 −2 3

−1 0 3 1

2 3 2 −2

∣∣∣∣∣∣∣∣
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Exercise 3.1.25 Find the determinant using row operations to first simplify.

∣∣∣∣∣∣∣∣

1 4 1 2

3 2 −2 3
−1 0 3 3

2 1 2 −2

∣∣∣∣∣∣∣∣

3.2 Applications of the Determinant

Outcomes

A. Use determinants to determine whether a matrix has an inverse, and evaluate the inverse using
cofactors.

B. Apply Cramer’s Rule to solve a 2×2 or a 3×3 linear system.

C. Given data points, find an appropriate interpolating polynomial and use it to estimate points.

3.2.1. A Formula for the Inverse

The determinant of a matrix also provides a way to find the inverse of a matrix. Recall the definition of

the inverse of a matrix in Definition 2.33. We say that A−1, an n×n matrix, is the inverse of A, also n×n,
if AA−1 = I and A−1A = I.

We now define a new matrix called the cofactor matrix of A. The cofactor matrix of A is the matrix

whose i jth entry is the i jth cofactor of A. The formal definition is as follows.

Definition 3.39: The Cofactor Matrix

Let A =
[
ai j

]
be an n× n matrix. Then the cofactor matrix of A, denoted cof(A), is defined by

cof(A) =
[
cof(A)i j

]
where cof(A)i j is the i jth cofactor of A.

Note that cof (A)i j denotes the i jth entry of the cofactor matrix.

We will use the cofactor matrix to create a formula for the inverse of A. First, we define the adjugate

of A to be the transpose of the cofactor matrix. We can also call this matrix the classical adjoint of A, and
we denote it by adj(A).

In the specific case where A is a 2×2 matrix given by

A =

[
a b

c d

]
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where cof(A)i j is the i jth cofactor of A.

Note that cof (A)i j denotes the i jth entry of the cofactor matrix.

We will use the cofactor matrix to create a formula for the inverse of A. First, we define the adjugate

of A to be the transpose of the cofactor matrix. We can also call this matrix the classical adjoint of A, and
we denote it by adj(A).

In the specific case where A is a 2×2 matrix given by

A =

[
a b

c d

]
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then adj(A) is given by

adj(A) =

[
d −b

−c a

]

In general, adj(A) can always be found by taking the transpose of the cofactor matrix of A. The

following theorem provides a formula for A−1 using the determinant and adjugate of A.

Theorem 3.40: The Inverse and the Determinant

Let A be an n×n matrix. Then

A adj(A) = adj(A)A = det(A)I

Moreover A is invertible if and only if det(A) ≠ 0. In this case we have:

A−1 =
1

det(A)
adj(A)

Notice that the first formula holds for any n× n matrix A, and in the case A is invertible we actually

have a formula for A−1.

Consider the following example.

Example 3.41: Find Inverse Using the Determinant

Find the inverse of the matrix

A =

⎡

⎣
1 2 3

3 0 1
1 2 1

⎤

⎦

using the formula in Theorem 3.40.

Solution. According to Theorem 3.40,

A−1 =
1

det(A)
adj(A)

First we will find the determinant of this matrix. Using Theorems 3.16, 3.18, and 3.21, we can first
simplify the matrix through row operations. First, add −3 times the first row to the second row. Then add
−1 times the first row to the third row to obtain

B =

⎡

⎣
1 2 3

0 −6 −8
0 0 −2

⎤

⎦

By Theorem 3.21, det(A) = det(B). By Theorem 3.13, det(B) = 1×−6×−2 = 12. Hence, det(A) = 12.

Now, we need to find adj(A). To do so, first we will find the cofactor matrix of A. This is given by

cof(A) =

⎡

⎣
−2 −2 6

4 −2 0

2 8 −6

⎤

⎦
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Here, the i jth entry is the i jth cofactor of the original matrix A which you can verify. Therefore, from
Theorem 3.40, the inverse of A is given by

A−1 =
1

12

⎡

⎣
−2 −2 6

4 −2 0
2 8 −6

⎤

⎦
T

=

⎡

⎢⎢⎢⎢⎣

−1
6

1
3

1
6

−1
6 −1

6
2
3

1
2 0 −1

2

⎤

⎥⎥⎥⎥⎦

Remember that we can always verify our answer for A−1. Compute the product AA−1 and A−1A and
make sure each product is equal to I.

Compute A−1A as follows

A−1A =

⎡

⎢⎢⎢⎢⎣

−1
6

1
3

1
6

−1
6 −1

6
2
3

1
2 0 −1

2

⎤

⎥⎥⎥⎥⎦

⎡

⎣
1 2 3
3 0 1

1 2 1

⎤

⎦=

⎡

⎣
1 0 0
0 1 0

0 0 1

⎤

⎦= I

You can verify that AA−1 = I and hence our answer is correct. ♠

We will look at another example of how to use this formula to find A−1.

Example 3.42: Find the Inverse From a Formula

Find the inverse of the matrix

A =

⎡

⎢⎢⎢⎢⎣

1
2 0 1

2

−1
6

1
3 −1

2

−5
6

2
3 −1

2

⎤

⎥⎥⎥⎥⎦

using the formula given in Theorem 3.40.

Solution. First we need to find det(A). This step is left as an exercise and you should verify that det(A) =
1
6 . The inverse is therefore equal to

A−1 =
1

(1/6)
adj(A) = 6 adj(A)
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We continue to calculate as follows. Here we show the 2×2 determinants needed to find the cofactors.

A−1 = 6

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∣∣∣∣∣∣

1
3 −1

2

2
3 −1

2

∣∣∣∣∣∣
−

∣∣∣∣∣∣

−1
6 −1

2

−5
6 −1

2

∣∣∣∣∣∣

∣∣∣∣∣∣

−1
6

1
3

−5
6

2
3

∣∣∣∣∣∣

−

∣∣∣∣∣∣

0 1
2

2
3 −1

2

∣∣∣∣∣∣

∣∣∣∣∣∣

1
2

1
2

−5
6 −1

2

∣∣∣∣∣∣
−

∣∣∣∣∣∣

1
2 0

−5
6

2
3

∣∣∣∣∣∣
∣∣∣∣∣∣

0 1
2

1
3 −1

2

∣∣∣∣∣∣
−

∣∣∣∣∣∣

1
2

1
2

−1
6 −1

2

∣∣∣∣∣∣

∣∣∣∣∣∣

1
2 0

−1
6

1
3

∣∣∣∣∣∣

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

Expanding all the 2×2 determinants, this yields

A−1 = 6

⎡

⎢⎢⎢⎢⎢⎣

1
6

1
3

1
6

1
3

1
6 −1

3

−1
6

1
6

1
6

⎤

⎥⎥⎥⎥⎥⎦

T

=

⎡

⎣
1 2 −1

2 1 1
1 −2 1

⎤

⎦

Again, you can always check your work by multiplying A−1A and AA−1 and ensuring these products

equal I.

A−1A =

⎡

⎣
1 2 −1
2 1 1
1 −2 1

⎤

⎦

⎡

⎢⎢⎢⎢⎣

1
2 0 1

2

−1
6

1
3 −1

2

−5
6

2
3 −1

2

⎤

⎥⎥⎥⎥⎦
=

⎡

⎣
1 0 0
0 1 0
0 0 1

⎤

⎦

This tells us that our calculation for A−1 is correct. It is left to the reader to verify that AA−1 = I. ♠

The verification step is very important, as it is a simple way to check your work! If you multiply A−1A

and AA−1 and these products are not both equal to I, be sure to go back and double check each step. One
common error is to forget to take the transpose of the cofactor matrix, so be sure to complete this step.

We will now prove Theorem 3.40.

Proof. (of Theorem 3.40) Recall that the (i, j)-entry of adj(A) is equal to cof(A) ji. Thus the (i, j)-entry of

B = A · adj(A) is :

Bi j =
n

∑
k=1

aikadj(A)k j =
n

∑
k=1

aikcof(A) jk

By the cofactor expansion theorem, we see that this expression for Bi j is equal to the determinant of the
matrix obtained from A by replacing its jth row by ai1,ai2, . . .ain — i.e., its ith row.

If i = j then this matrix is A itself and therefore Bii = detA. If on the other hand i ≠ j, then this matrix
has its ith row equal to its jth row, and therefore Bi j = 0 in his case. Thus we obtain:

A adj(A) = det(A)I

Similarly we can verify that:
adj(A)A = det(A)I
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And this proves the first part of the theorem.

Further if A is invertible, then by Theorem 3.24 we have:

1 = det(I) = det
(
AA−1

)
= det(A)det

(
A−1

)

and thus det(A) ≠ 0. Equivalently, if det(A) = 0, then A is not invertible.

Finally if det(A) ≠ 0, then the above formula shows that A is invertible and that:

A−1 =
1

det(A)
adj(A)

This completes the proof. ♠

This method for finding the inverse of A is useful in many contexts. In particular, it is useful with

complicated matrices where the entries are functions, rather than numbers.

Consider the following example.

Example 3.43: Inverse for Non-Constant Matrix

Suppose

A(t) =

⎡

⎣
et 0 0

0 cos t sint

0 −sin t cos t

⎤

⎦

Show that A(t)−1 exists and then find it.

Solution. First note det(A(t)) = et(cos2 t + sin2 t) = et ≠ 0 so A(t)−1 exists.

The cofactor matrix is

C (t) =

⎡

⎣
1 0 0

0 et cos t et sint

0 −et sint et cos t

⎤

⎦

and so the inverse is

1

et

⎡

⎣
1 0 0
0 et cos t et sin t

0 −et sin t et cos t

⎤

⎦
T

=

⎡

⎣
e−t 0 0
0 cos t −sin t

0 sin t cos t

⎤

⎦

♠
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Exercises

Exercise 3.2.1 Let

A =

⎡

⎣
1 2 3

0 2 1
3 1 0

⎤

⎦

Determine whether the matrix A has an inverse by finding whether the determinant is non zero. If the

determinant is nonzero, find the inverse using the formula for the inverse which involves the cofactor

matrix.

Exercise 3.2.2 Let

A =

⎡

⎣
1 2 0
0 2 1
3 1 1

⎤

⎦

Determine whether the matrix A has an inverse by finding whether the determinant is non zero. If the

determinant is nonzero, find the inverse using the formula for the inverse.

Exercise 3.2.3 Let

A =

⎡

⎣
1 3 3

2 4 1
0 1 1

⎤

⎦

Determine whether the matrix A has an inverse by finding whether the determinant is non zero. If the

determinant is nonzero, find the inverse using the formula for the inverse.

Exercise 3.2.4 Let

A =

⎡

⎣
1 2 3

0 2 1
2 6 7

⎤

⎦

Determine whether the matrix A has an inverse by finding whether the determinant is non zero. If the

determinant is nonzero, find the inverse using the formula for the inverse.

Exercise 3.2.5 Let

A =

⎡

⎣
1 0 3

1 0 1
3 1 0

⎤

⎦

Determine whether the matrix A has an inverse by finding whether the determinant is non zero. If the

determinant is nonzero, find the inverse using the formula for the inverse.

Exercise 3.2.6 For the following matrices, determine if they are invertible. If so, use the formula for the

inverse in terms of the cofactor matrix to find each inverse. If the inverse does not exist, explain why.

(a)

[
1 1
1 2

]
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Exercise 3.2.14 Find the inverse, if it exists, of the matrix

A =

⎡

⎣
et cos t sint

et −sint cos t

et −cos t −sin t

⎤

⎦

Exercise 3.2.15 Suppose A is an upper triangular matrix. Show that A−1 exists if and only if all elements

of the main diagonal are non zero. Is it true that A−1 will also be upper triangular? Explain. Could the

same be concluded for lower triangular matrices?

Exercise 3.2.16 If A,B, and C are each n×n matrices and ABC is invertible, show why each of A,B, and

C are invertible.

Exercise 3.2.17 Decide if this statement is true or false: Cramer’s rule is useful for finding solutions to

systems of linear equations in which there is an infinite set of solutions.

Exercise 3.2.18 Use Cramer’s rule to find the solution to

x+2y = 1

2x− y = 2

Exercise 3.2.19 Use Cramer’s rule to find the solution to

x+2y+ z = 1
2x− y− z = 2

x+ z = 1
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(b)

⎡

⎣
1 2 3

0 2 1
4 1 1

⎤

⎦

(c)

⎡

⎣
1 2 1
2 3 0
0 1 2

⎤

⎦

Exercise 3.2.7 Consider the matrix

A =

⎡

⎣
1 0 0

0 cos t −sin t

0 sint cos t

⎤

⎦

Does there exist a value of t for which this matrix fails to have an inverse? Explain.

Exercise 3.2.8 Consider the matrix

A =

⎡

⎣
1 t t2

0 1 2t

t 0 2

⎤

⎦

Does there exist a value of t for which this matrix fails to have an inverse? Explain.

Exercise 3.2.9 Consider the matrix

A =

⎡

⎣
et cosht sinht

et sinht cosh t

et cosht sinht

⎤

⎦

Does there exist a value of t for which this matrix fails to have an inverse? Explain.

Exercise 3.2.10 Consider the matrix

A =

⎡

⎣
et e−t cos t e−t sint

et −e−t cos t − e−t sint −e−t sin t + e−t cos t

et 2e−t sint −2e−t cos t

⎤

⎦

Does there exist a value of t for which this matrix fails to have an inverse? Explain.

Exercise 3.2.11 Show that if det(A) ≠ 0 for A an n×n matrix, it follows that if AX = 0, then X = 0.

Exercise 3.2.12 Suppose A,B are n× n matrices and that AB = I. Show that then BA = I. Hint: First

explain why det(A) ,det(B) are both nonzero. Then (AB)A = A and then show BA(BA− I) = 0. From this

use what is given to conclude A(BA− I) = 0. Then use Problem 3.2.11.

Exercise 3.2.13 Use the formula for the inverse in terms of the cofactor matrix to find the inverse of the

matrix

A =

⎡

⎣
et 0 0
0 et cos t et sint

0 et cos t − et sint et cos t + et sin t

⎤

⎦


